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Abstract 
A new notion of a strongly T-pseudocompact space is introduced, and its relation to the notion of 
initially T-compact space is studied. A theorem of J.F. Kennison (Kennison, 1962) is generalized to 
this case, which leads to new interesting questions. In particular, it is proved that every strongly 2”- 
pseudocompact space of countable tightness is compact, and that every strongly 2”-pseudocompact 
space is initially T+-compact. It is also established that every wi-pseudocompact opological group 
of countable tightness is metrizable and, therefore, compact. Several open problems are formulated. 
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1. Introduction 
In 1961 J.F. Kennison introduced the following notion [8]. A topological space X is 
said to be T-pseudocompact if for every continuous mapping f of X into W the image 
f(X) is a compact subspace of IR’. Here and everywhere in this article T is an infinite 
cardinal number, 7-C is the first cardinal number which is greater than T, R is the space 
of real numbers with the natural topology, and all spaces considered are assumed to be 
Tychonoff. 
Kennison obtained the following result: 
Theorem 1.1 [S]. 1f X is r-pseudocompact and normal, then every closed subspace of 
X is also r-pseudocompact. 
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An example in [8] shows that a closed C-embedded subspace of a r-pseudocompact 
space need not be T-pseudocompact when 7 is uncountable. 
As r grows, r-pseudocompactness becomes stronger and stronger; and if X is r- 
pseudocompact for some cardinal number r which is not less than the weight of X, then 
X is obviously compact. The class of pseudocompact spaces has shown its importance; 
it is enough to refer to Gillman and Jerison’s book [7]. On the other hand, it may 
be useful to know if a space under consideration is not only pseudocompact but also 
-r-pseudocompact for some cardinal number T larger than w; clearly, the notion of 7-- 
pseudocompactness provides us with a possibility to measure a degree of compactness of 
a space X. Interestingly enough, it seems that not much has been done in that direction, 
though some results and questions in Kennison’s paper [8] strongly suggest that classical 
results on pseudocompactness (which is the same as w-pseudocompactness) do not always 
easily generalize to the uncountable case. 
Recall that a space X is said to be initially r-compact if every infinite subset A 
of X such that JAI < T has a point of complete accumulation in X. One can find 
a rather complete survey of properties of initially r-compact spaces in [14]. Clearly, 
every initially r-compact space is r-pseudocompact, but initial r-compactness, unlike 
T-pseudocompactness, is closed-hereditary. 
Proposition 1.2. Every closed subspace of an initially r-compact space is r-pseudo- 
compact, that is, every initially r-compact space is closed-hereditarily r-pseudocompact. 
After Proposition 1.2 the next question suggests itself (though, strangely enough, it 
seems to be new). 
Question 1. Is every closed-hereditarily r-pseudocompact space initially r-compact? 
In view of Theorem 1.1, this question is very close to the following problem formulated 
by Kennison [8] in 1961: 
Question 2. Is every normal T-pseudocompact space initially r-compact? 
Of course, for r = w the answer to Questions 1 and 2 is “yes”, since normal pseu- 
docompact spaces are countably compact, and closed-hereditarily pseudocompact spaces 
are countably compact as well. Kennison [8] established that the answer to Question 2 is 
positive under the Generalized Continuum Hypothesis, and M.A. Swardson [ 151 observed 
that Kennison’s argument, slightly modified, under GCH provides a positive answer to 
the first question as well. 
It is easy to construct T-pseudocompact spaces which are not initially r-compact. But 
the situation becomes much more complicated when we impose restrictions on certain 
cardinal invariants of a r-pseudocompact space X. For example, the answer to the next 
question is unknown: 
Question 3. Is there a 2W-pseudocompact first countable noncompact space X? 
A. K Arhangel ‘skii / Topology and ifs Applications 89 (1998) 285-298 287 
In this paper, we introduce a new notion of a strongly r-pseudocompact space and 
study how it is related to the notion of initially r-compact space. Kennison’s Theorem 1.1 
is generalized to this case, which leads to new open interesting questions. It is also proved 
in ZFC that every strongly 2”-pseudocompact space of countable tightness is compact; 
this suggests some other open questions. 
2. Strongly T-pseudocompact spaces: general results 
A space X is called strongly r-pseudocompact if every continuous mapping f of X 
into R’ is closed, that is, for every closed subset A of X the image f(A) is closed in 
IL!?. It is easy to see that every strongly r-pseudocompact space is r-pseudocompact. The 
next assertion is obvious: 
Proposition 2.1. If X is closed-hereditarily r-pseudocompact, then X is strongly T- 
pseudocompact. 
Corollary 2.2. Every initially r-compact space is strongly r-pseudocompact. 
From Proposition 2.1 and Theorem 1.1 we get: 
Theorem 2.3. Every normal r-pseudocompact space is strongly r-pseudocompact. 
The next question is open in ZFC: 
Question 4. Is every strongly r-pseudocompact space closed-hereditarily r-pseudo- 
compact? Initially r-compact? 
We obtain in this section some partial results in the direction of Question 4. Note, 
that strongly w-pseudocompact spaces (under a different name) were considered by 
V.V. Tkachuk [ 161, who has shown that every strongly w-pseudocompact space is count- 
ably compact. Therefore, we have the next easy to prove result: 
Proposition 2.4. Every strongly r-pseudocompact space is countably compact. 
Recall that nw(Y) < 7, if there is a network 5’ in Y such that ISI 6 T (see [3,6]). 
The next result is a key step under our approach. 
Proposition 2.5. Zf X is a strongly r-pseudocompact space, then every closed subspace 
A of X such that nw(A) < r is compact. 
Proposition 2.5 easily follows from the next very elementary result: 
Lemma 2.6. For any space X and any subspace A of X such that nw(A) f r, there 
is a continuous mapping f of X into I%’ separating the points of A, that is, such that 
the restriction off to A is one-to-one. 
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Proof. We fix a network S in A such that 1st 6 7. Let T be the set of all pairs 
t = (Ad, L) of elements of S such that there is a continuous function ft : X ---) Iw for 
which the sets ft (M) and ft(L) are disjoint. We fix such a function ft for every t in T. 
Then the cardinality of the family 3 = {ft: t E T} does not exceed r, and the diagonal 
product g of the mappings in F is clearly the mapping of X into IRT we are looking for 
(note that lRT is homeomorphic to a subspace of IV). 0 
Proof of Proposition 2.5. According to Lemma 2.6, there is a continuous mapping f 
of X into Iw’ such that the restriction of f to A is a one-to-one mapping g : A ---f IV. 
Since A is closed in X, and X is strongly r-pseudocompact, the subspace F = g(A) of 
R’ is compact, and g is a closed mapping of the space A onto F. It follows that g is a 
homeomorphism and A is homeomorphic to F; therefore, A is compact. q 
Observe that Proposition 2.4 follows from Proposition 2.5. 
Theorem 2.7. If X is strongly 2’-pseudocompact, then X is initially rf-compact. 
Proof. Assume that A is a subset of X of cardinality < r+ such that no point of X is 
a point of complete accumulation of A. Then 
and F = 2 is not compact. It follows that the family 
S = {B: B c A, (I?( 6 T} 
is a network of F. Clearly, 
Now it follows from Proposition 2.5 that F is compact, a contradiction. 0 
Modifying the proof of Theorem 2.7 in a standard way, we obtain the next result: 
Theorem 2.8. Under GCH, X is strongly r-pseudocompact if and only if it is initially 
r-compact. 
From Theorems 2.7, 2.8 and 2.3 we immediately get the following results of Kennison 
[8] (Kennison’s original argument was different): 
Corollary 2.9. Every normal 2W-pseudocompact space is initially WI -compact. 
Corollary 2.10. Under GCH, every normal r-pseudocompact space is initially r- 
compact. 
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3. r-pseudocompact spaces and tightness 
By t(X) we denote the tightness of a space X, and p(X) is the tech-Stone compact- 
ification of a space X. 
It is well known [5], that every initially 2“-compact space of countable tightness is 
compact (see also [14]). We extend this result in the following way: 
Theorem 3.1. Every strongly 2’-pseudocompact space X such that t(X) < r, is com- 
pact. 
We are going to derive Theorem 3.1 from another two theorems. 
Theorem 3.2. If X is strongly r+-pseudocompact, then t(X) < r if and only if 
t@(X)) 6 7-. 
Proof. Since t(X) < t@(X)), we only have to prove that if t(X) < Y-, then t(P(X)) < 
Assume that t@(X)) > T. Then, since /3(X) is compact, there is a free sequence 
{Z& cr < 7+} 
in p(X) of length T+. Put 
F, = {q: P < CI} 
and 
for each Q: < T+. The sets F, and T, are disjoint for every Q < T+, by the the definition 
of a free sequence. For each Q: < T +, let us fix a continuous function fa! : p(X) -+ JR 
such that 
Then the diagonal product g of the family {fa: Q < T+} is a continuous mapping of 
p(X) into Iwx, where X = T+, such that g(F,) and g(Ta) are disjoint closed (in fact, 
compact) sets for each a < T+. Therefore, {g(za): Q < T+} is a free sequence of 
length T+ in the compact space F = g@(X)). It follows that t(F) 3 T+ (see [l]). 
Now, g(X) is dense in F = g@(X)). On the other hand, g(X) is compact, since X 
is 7+-pseudocompact. Therefore, g(X) = g@(X)) = F. Hence, t(g(X)) > T+. The 
restriction of g to X is a quotient mapping of X onto F. Therefore, t(F) < t(X) 6 T. 
This contradiction completes the proof. 0 
A similar assertion for initially ~-+-compact spaces of tightness not greater than 7 was 
established by E.A. Reznichenko [ 131. 
An important subclass of the class of initially r-compact spaces constitute T-bounded 
spaces. A space X is called r-bounded if for every subset A of X such that IAl 6 7, 
the closure of A in X is compact. 
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Theorem 3.3. If X is strongly 27-pseudocompact, hen X is r-bounded. 
Proof. Let A c X and IAl < T. Then w(x) < 27 (see [3] or [6]). It remains to apply 
Proposition 2.5. 0 
Now we are in a position to quickly prove Theorem 3.1. 
Proof of Theorem 3.1. Let X be a 2’-pseudocompact space such that t(X) 6 7. Then 
by Theorem 3.2, t@(X)) < r. On the other hand, X is r-bounded, by Theorem 3.3. 
Now to finish the proof, we have to apply the next almost obvious lemma: 
Lemma 3.4. Zf t(2) < r, then every r-bounded subspace X of Z is closed in 2. 
Proof. Let z E F. There is a subset A of X such that (Al < T and z E 2. The closure 
of A in X is a compact subspace of X. Since 2 is Hausdorff, it follows that B is closed 
in 2. On the other hand, z is in the closure of B in 2. Hence, z E X, and X is closed 
inZ. 0 
Question 5. Is every 2”-pseudocompact first countable space compact or, at least, count- 
ably compact? 
Question 6. Is every 2”-pseudocompact space of countable tightness countably compact 
or even compact? 
Question 7. Is every wr-pseudocompact space of countable tightness initially WI- 
compact? 
Here is another curious application of Theorem 3.2: 
Corollary 3.5. If X and Y are strongly w 1 -pseudocompact spaces of countable tightness, 
then the tightness of X x Y is countable. 
Proof. It is enough to recall that in the class of compact spaces the tightness is productive 
(V.I. Malykhin, see [1,3], or [6]). 0 
There is another large class of spaces for which some of our questions about r- 
pseudocompact spaces get positive answers. 
A space X is called r-monolithic if for every subset A of X such that IAl < T we 
have: nw(7[) < 7. 
Theorem 3.6. If X is strongly r-pseudocompact and r-monolithic, then X is r-bounded 
(and is, therefore, initially r-compact). 
Proof. This immediately follows from Proposition 2.5. 0 
Question 8. Let X be a 2W-pseudocompact space of countable tightness. Is then t(X x 
X)<w? 
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4. Condensations of r-pseudocompact spaces, &-subsets, and a separation property 
Kennison [8] introduced the following notion generalizing the notion of a Z-set: 
A subset A of a space X is called a &-set (in X), if there exists a continuous mapping 
f of X into R’ such that A = f-‘(y) f or some 9 E f(X). One of the key properties of 
Z,-sets is described in the next assertion. 
Proposition 4.1. If X is r-pseudocompact, and A is a Z,-set in X, then for every 
continuous mapping f of X into IR’ the image f(A) is closed in IR’ (and compact). 
Proof. We fix a continuous mapping g of X into R’ such that A = g-‘(a), for some 
a E JR’. Let fl be the diagonal product of the mappings f and g, that is, 
h(2) = (fc4,d4) E JR’ x R 
Then the second coordinate of every point in ft (A) IS a, while the second coordinate of 
every point in ft (X) \ fr (A) is different from a. Therefore, ft (A) is closed in fr (X). 
Since X is r-pseudocompact, fr (X) is compact, and it follows that fr (A) is also compact. 
Let 7r be the natural projection of JR7 x R onto llV, associating with every point its 
first coordinate. Then, clearly, f = ~fr and 
f(A) = +I(A)). 
Since 7r is continuous and fl (A) is compact, we conclude that f(A) is also compact 
(and, hence, closed in lRT). 0 
In connection with Proposition 4.1 we should note, that it does not imply that r- 
pseudocompactness is inherited by Z,-subsets. Even a Z,-subset of a pseudocompact 
space need not be pseudocompact (see [S]). 
It is a well-known fact (see [ 1,2], and [3]), that if f is a condensation (that is, a one-to- 
one continuous mapping onto) of a pseudocompact space X onto a separable metrizable 
space Y, then f is a homeomorphism (and both X and Y are compact). It turns out 
that we can extend this result to all r-pseudocompact spaces, with separable metrizable 
spaces replaced by subspaces of IF. 
Theorem 4.2. Let f be a continuous one-to-one mapping of a r-pseudocompact space 
X onto a subspace Z of IV. Then f is a homeomorphism. 
Proof. It is enough to show that the mapping f is closed. Let P be any closed subset 
of X. Since X is Tychonoff, the set A is the intersection of the family of all Z,-sets in 
X containing A. By Proposition 4.1, the image under f of any Z,-set in X is closed in 
Z. Since f is one-to-one, for any family of subsets of X the intersection of images is 
equal to the image of the intersection of this family. Therefore, the image of A under f 
is also closed. 0 
A mapping f of a space X onto a space Y is called R-quotient if under the dual 
mapping the space C,(Y) embeds into C,(X) as a closed subspace [2]. Every continuous 
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mapping is the composition of an R-quotient mapping and a condensation (see [2]). Since 
a continuous image of a r-pseudocompact space is obviously r-pseudocompact, the next 
result is a corollary of Theorem 4.2: 
Corollary 4.3. Every continuous mapping of a r-pseudocompact space onto a space of 
the weight not greater than r is R-quotient. 
The simple idea in the proof of Theorem 4.2 can be used to give a sufficient condition 
for a continuous mapping defined on a r-pseudocompact space to be closed. 
Let us call a space X &-normal if for every nonempty closed set A and every &-set 
B such that A n B = 0 there is a &set C such that A c C and C f~ B = 0. 
Theorem 4.4. A r-pseudocompact space X is strongly r-pseudocompact if and only if 
it is Z,-normal. 
Proof. Suppose X is a Z,-normal r-pseudocompact space, and f is a continuous map- 
ping of X into IF!‘. Let us assume that there is a closed subset A of X such that f(A) 
is not closed in IF. Then f(A) is not closed in f(X) as well, since f(X) is compact. 
Take any Y E f(X) \ f(A) an consider the set B = f-‘(y). Then, by the defini- d 
tion, B is a Z,.-set, and clearly, A f? B = 0. There is a Z,-set C such that A c C 
and B n C = 0, since X is Z,-normal. By Proposition 4.1, the set f(C) is closed in 
EV. Clearly, f(A) c f(C). Therefore, y E f(C). Since B = f-‘(y), it follows that 
B n C # 0, a contradiction. 
Let us now assume that X is strongly r-pseudocompact. Take any disjoint nonempty 
closed subsets A and B of X such that B is a Z,-set. Then, for some continuous mapping 
f of X into R’ and some pointy E IF??, B = f-‘(y). Put F = f(A). Then F is closed 
in Y = f(X), y is not in F, and Y is compact. Let T be a quotient space of Y obtained 
when we collapse F to a point. Since Y is compact and F is closed in Y, T is a compact 
Hausdorff space. The weight of T does not exceed the weight of Y (see [6]); therefore, 
T can be also embedded into IF. Clearly, this implies that the set C = f-’ (F) is a 
Z,-set in X. Since A c C and C f’ B = 0, the proof is complete. 0 
We should compare this result with the fact discussed earlier: that every normal r- 
pseudocompact space is closed-hereditarily r-pseudocompact (and, therefore, strongly 
r-pseudocompact). Kennison has observed [8] that if X is T-pseudocompact, and every 
closed subset of X is a Z,-set in X, then X is normal. This also connects well with 
Theorem 4.4. Note that a normal r-pseudocompact space may have nonempty closed 
subsets which are not Z,-sets. 
5. Topological groups and T-pseudocompactness 
A subset A of a space X is called a G,-set if there is a family y of nonempty open sets 
in X such that Iy] < 7 and A = n y. In [ 121 T. Retta has characterized r-pseudocompact 
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spaces in terms of their location in the Tech-Stone compactification: a space X is r- 
pseudocompact if and only if it is r-dense in p(X), that is, every nonempty G, set in 
p(X) intersects X. Using this result in combination with some other known facts, Retta 
has shown that if3 is a family of r-pseudocompact spaces such that the product of 3 is 
pseudocompact, then this product is r-pseudocompact. Now, it is a celebrated result of 
Comfort and Ross that the product of any family of pseudocompact opological groups 
is pseudocompact [4]. Therefore, the following theorem holds true: 
Theorem 5.1. The product of any family of r-pseudocompact topological groups is a 
r-pseudocompact topological group. 
One of our questions on T-pseudocompact spaces gets a positive solution for r- 
pseudocompact opological groups. 
Theorem 5.2. Every WI-pseudocompact topological group G of countable tightness is 
metrizable (and is, therefore, compact). 
To prove this theorem we need the next result which seems to be interesting in itself. 
Recall that d(X) is the density of a space X. 
Theorem 5.3. For every noncompact r-pseudocompact topological group G, where r 
is a regular cardinal, there exists an open continuous homomorphism f of G onto a 
compact topological group H such that w(H) = 7. 
Proof. Note that T < w(G), since G is r-pseudocompact and not compact. The density 
of C,(G) is also greater than T, since otherwise G would condense onto a space Y of 
the weight not greater than r [2], which would imply, by Theorem 4.2, that G and Y 
are homeomorphic spaces of weight not greater than 7, a contradiction. 
Now, to proceed with the proof of Theorem 5.3, we need the following obvious lemma 
which must be already known: 
Lemma 5.4. If the density of a space Z is greater than r, where r is a regular cardinal, 
then there exists a subspace A of Z of cardinal@ r such that the density of A is r. 
Proof. There is a well ordered subset (M, <) of 2 such that M is dense in 2 and A4 is 
left separated, that is, ikl, = {.z E M: z < m} is closed in M, for each m in A4 (see 
[l]). Then, by the assumption in the lemma, the cardinality of M is not less than r+. 
Therefore, the set L = {m E M: 1 Ad,\ = T } is nonempty. We put A = M,, where a is 
the first element of L. The subspace A is left separated by the same well ordering, and 
the cofinality of this ordering on A is T, since r is a regular cardinal. This implies that 
the density of A is 7. Clearly, IAl = r. 0 
Let us continue the proof of Theorem 5.3. Lemma 5.4 allows to fix a subset A of 
C,(G) such that d(A) = IAl = 7. A ccording to a well-known factorization result [4], 
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for every f E A there is a continuous homomorphism gf of G onto a metrizable compact 
group Hf such that f = hfgf , for some hf E C, (Hf ). 
Let B be the product of the family { Hf : f E A} of topological groups Hf , and let g be 
the diagonal product of the homomorphisms gf. Then g is a continuous homomorphism 
of G onto a topological subgroup H of the topological group B. The weight of the 
space B is obviously not greater than [A( = 7. Therefore, H is compact, since G is r- 
pseudocompact. It is also clear from the choice of gf and Hf that A is contained in the 
image of C,(H) under the dual mapping to g. Therefore [2], nw(C,(H)) 2 d(A) = T. 
Since nw(H) = nw(C,(H) [2], we conclude that the weight of the space H is not less 
than 7. Thus, w(H) = T. q 
It remains to prove the next assertion: 
Theorem 5.5. Every continuous homomorphism f of a r-pseudocompact topological 
group G onto a topological group H of the weight not greater than r is open. 
Proof. The homomorphism f can be represented as a composition of an open continuous 
homomorphism ft of G onto a topological group HI and a condensation j of HI onto 
H [l 11. Then HI is r-pseudocompact; therefore, since the weight of H is not greater 
than r, it follows Theorem 4.2 that j is a homeomorphism. Then the mapping f is also 
open, as a composition of an open mapping and a homeomorphism. 0 
Proof Theorem 5.2. If w(G) < wt, then G is compact. It follows that G is metrizable, 
since every compact group of countable tightness is metrizable [I]. 
Let us now assume that w(G) > WI. Then, by Theorem 5.3, there exists an open 
continuous homomorphism of G onto a nonmetrizable compact group H. It follows that 
the tightness of H is countable, since the tightness i  not increased by quotient mappings. 
This implies that H is metrizable [ 11, a contradiction. Therefore, the case w(G) > wt is 
impossible. 0 
Here is another corollary of Retta’s result: 
Theorem 5.6. If X is a r-pseudocompact space and Y is a r-pseudocompact lc-space, 
then X x Y is r-pseudocompact. 
Proof. By a well-known result (see [6]), the space X x Y is pseudocompact. Now a 
theorem of Retta [12] implies that X x Y is T-pseudocompact. 0 
6. Some examples and an application involving C,-theory 
The next example is a rather far reaching eneralization of the Tychonoff plank. In its 
general form it was introduced by N. Noble [9]. 
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Example 6.1. Let Y be a Tychonoff space and p(Y) the Tech-Stone compactification of 
Y. Let T be any regular cardinal number greater than the cardinality of p(Y). We identify 
IT with the first ordinal number of cardinality 7, and let 7 + 1 be the ordinal number 
which is the immediate ordinal successor of 7. We consider r and r + 1 as topological 
spaces the elements of which are smaller ordinals, with the topology generated by the 
natural well ordering of ordinal numbers. Note that r is also the maximal element of 
r+ 1. 
NowletTbethetopologicalproduct(r+l)x/3(Y)andletX =~xp(Y)u({~}xY), 
taken with the topology generated by T. Clearly, ({r} x Y) is homeomorphic to Y, and 
we denote this subspace of X also by Y. Note, that Y is a closed subspace of X, since 
X n ({T} x O(Y)) = Y an r x p(Y) is closed in T. Finally, let 2 be the subspace d 
7 x O(Y) of X. Clearly, X = 2 U Y, and Z is dense in X. 
We will rely upon the next properties of the spaces X, Z and T: 
(1) The weight of T (and of X) is equal 7; 
(2) Z is v-bounded and therefore, initially v-compact, for any cardinal number v 
which is smaller than T. 
The first property is obvious, and to prove the second, we need only to observe that 
the space T is v-bounded, and the product of a v-bounded space and a compact space is 
obviously v-bounded. 
Now we need the next lemma from [8], which identifies a property of r-pseudocompact 
spaces which initially T-compact spaces and r-bounded spaces do not share. 
Lemma 6.2. If some dense subspace of a space X is r-pseudocompact, then X itself is 
r-pseudocompact. 
Proof. Let f be any continuous mapping of X into JR’, and let 2 be a r-pseudocompact 
subspace of X which is dense in X. Then f(Z) is dense in f(X). On the other hand, 
f(Z) is compact. Therefore, f(Z) = f(X) and f(X) is compact. 0 
Coming back to our example, we conclude (see property (2)): 
(3) The space X is v-pseudocompact, for any v < 7. 
Every bounded continuous real-valued function g on Y can be extended to a continuous 
real-valued function gt on p(Y), and gt can be extended to a continuous real-valued 
function on T (and, therefore, on X), since T is compact and p(Y) is closed in T. 
Hence, we have: 
(4) Y is C*-embedded into X. 
Thus, we have established the next result generalizing the classical Noble’s Theorem 
[9] on pseudocompact spaces: 
Theorem 6.3. For any cardinal number 7, every space Y is homeomorphic to a closed 
C* -embedded subspace of a r-pseudocompact space X. 
For an application to C,-theory, we need a slightly different version of this theorem. 
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Let us say that a space X is fully pseudocompact, if X is r-pseudocompact for every 
infinite cardinal r which is smaller than the networkweight nw(X) of X. 
For example, the space wl is fully pseudocompact. Also every pseudocompact space 
X of weight w1 is fully pseudocompact. Of course, all compact spaces are fully pseudo- 
compact. 
Recall that a space X is said to be monolithic, if nw@) < IAl, for every subset A of 
X [2]. It was shown in [2] that C,(X) . IS monolithic for every compact space X. We 
combine this result, a result of Retta [12], and a result of O.G. Okunev [lo] to prove the 
next theorem: 
Theorem 6.4. If X is fully pseudocompact, then C,(X) is monolithic. 
Proof. Take any subset A of C,(X). If nw(X) < [AI, then nw@) < nw(X) < (Al. It re- 
mains to consider the case when (Al < nw(X). Put r = [Al. Then X is r-pseudocompact, 
since X is fully pseudocompact. Then X is G,-dense in p(X), by Retta’s Theorem. This 
implies that the natural restriction mapping T : C,@(X)) -+ C,(X) is a homeomorphism 
on every subspace of C,@(X)) of cardinality not greater than r [lo]. Since C,@(X)) 
is regular, it follows that T maps homeomorphically the closure of every such set onto 
the closure of its image. Since JAI = T, the closure of IAl in C,(X) is homeomor- 
phic to the closure of /Al in C,@(X)). Since C,@(X)) is monolithic, it follows that 
nw(Z) < JAI. 0 
Properties (1) and (3) of the space X in Example 6.1 imply that the space X is fully 
pseudocompact. From this and property (4) we obtain: 
Theorem 6.5. Every space Y is homeomorphic to a closed P-embedded subspace of a 
fully pseudocompact space. 
Theorem 6.6. For every space Y and every cardinal r there exists a r-pseudocompact 
space X such that C,(X) is monolithic and the space C;(Y) of all bounded continuous 
real-valued functions on Y is an image of C,“(X) under an open continuous linear 
mapping, preserving also multiplication. 
Monolithicity is hereditary. Also the restriction of an open mapping to the full preimage 
L of a subspace M is an open mapping of L onto M (see [3]). As every topological 
space can be embedded into C,(Y) for some discrete space Y, we obtain the following 
corollary of Theorem 6.6: 
Corollary 6.7. Every space can be represented as an image of a monolithic space under 
an open continuous mapping. 
Proof of Theorem 6.6. To prove Theorem 6.6, it is obviously sufficient to combine 
Theorem 6.5 with the next result from [2]: 
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Proposition 6.8. If Y is a closed subspace of X, then the natural restriction mapping T 
of C,(X) onto the subspace r(C,(X)) of C,(Y) is open (and continuous). 
With the help of Theorem 6.6 we can slightly improve Corollary 6.7. 
A space Y is said to have countable fan-tightness [2], if whenever a point x is in 
the closure of A, for each n E w, where {A,: rt E w} is a countable family of 
subsets of Y, one can choose finite sets B, c A, for every n E w in such a way 
that x E U{Bn: rz E w}. Let us call a space X w-fanless, if every countable subspace 
of X has countable fan-tightness. If X is compact, then the fan-tightness of C,(X) is 
countable [2]. From Okunev’s result referred to in the proof of Theorem 6.4 we now get: 
Theorem 6.9. If X is pseudocompact, then C,(X) is w-fanless. 
It is now clear that every space M is an image of a monolithic w-fanless space under 
an open continuous mapping; this assertion is a slight improvement of Corollary 6.7. 
7. A few more open questions 
Here are some open questions refining the ones formulate earlier. 
Question 9. Let X be a 2”-pseudocompact space with a Gs-diagonal. Is then X metriz- 
able? 
Question 10. Let X be a 2”-pseudocompact space with a a-discrete network. Is then 
X metrizable? Is then X a Moore space, at least? 
Question 11. Is every 2W-pseudocompact Moore space metrizable? 
It is well known that a pseudocompact Moore space need not be metrizable (see 
[3,6]). Clearly, to answer positively Questions 9, 10, and 11, it would be enough to 
answer positively the next question: 
Question 12. Let X be a 2W-pseudocompact space with a Gs-diagonal. Is then true that 
the extent of X is not greater than 2w, that is, the cardinality of every discrete closed 
subset of X does not exceed 2w? 
Recall that spaces X and Y are said to be Z-equivalent (u-equivalent), if C,(X) and 
C, (Y) are linearly homeomorphic (uniformly homeomorphic) [2]. 
Question 13. Assume that X and Y are l-equivalent (u-equivalent) spaces and X is 
r-pseudocompact. Is then Y r-pseudocompact? 
Note that for r = w the answer to Question 13 is positive (see [2]). 
We mention the following easy to establish result: 
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Proposition 7.1. Any continuous image of a strongly r-pseudocompact space is a 
strongly r-pseudocompact space. 
On the other hand, the next question remains open: 
Question 14. Is the product of a strongly T-pseudocompact space with a compact space 
always strongly T-pseudocompact? 
Kennison [8] proved that the product of a r-pseudocompact space with a compact 
space is r-pseudocompact, Here is a question obviously related to Question 14: 
Question 15. Let f : X -+ Y be a perfect mapping of a space X onto a strongly r-pseu- 
docompact space Y. Is then X strongly r-pseudocompact? 
Question 16. Let X be a 2W-pseudocompact space of countable tightness (first count- 
able). Is then t(P(X)) 6 w? 
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